Given an elliptic curve E over a finite field Fq we study the finite extensions Fqn of Fq such that the number of Fqn-rational points on E attains the Hasse upper bound. We obtain an upper bound on the degree n for E ordinary using an estimate for linear forms in logarithms, which allows us to compute the pairs of isogeny classes of such curves and degree n for small q. Using a consequence of Schmidt's Subspace Theorem, we improve the upper bound to n ≤ 11 for sufficiently large q. We also show that there are infinitely many isogeny classes of ordinary elliptic curves with n = 3.
Introduction
Let E be an elliptic curve over . If E attains the Hasse upper bound over some finite extension, that is |E(F q n )| = q n + 1 + 2 √ q n for some n, then we say E is maximal over F q n . We are interested in:
Question. Let E be an elliptic curve over F q . Is E maximal over some finite extension of F q ?
This question is studied and partially answered by Doetjes in [3] . He shows that every elliptic curve over F 2 is maximal over some extension, that elliptic curves over F 3 in five isogeny classes are maximal over some extension, that elliptic curves over F 3 in the remaining two isogeny classes are not maximal over extensions of low degree, and that elliptic curves over F q with q a square are maximal over some extension in precisely three cases.
Our first result is summarized as: Theorem 1. Let E be an elliptic curve over F q and a 1 = q + 1 − |E(F q )|.
1. If E is supersingular, that is a 1 ∈ 0, ± √ q, ± √ 2q, ± √ 3q, ±2 √ q , then E is maximal over infinitely many extensions of F q except when a 1 ∈ − √ q, 2 √ q . In these exceptional cases extensions over which E is maximal do not exist.
2. If E is ordinary, that is gcd (a 1 , q) = 1, then there are at most finitely many extensions of F q over which E is maximal. Furthermore if q is a square, then such extensions do not exist.
We prove the first part of the theorem in Section 2. The second part we treat in Section 3. There we also give an explicit bound on the degree of the extension and list the pairs q, a 1 with q < 1000 corresponding to ordinary elliptic curves over F q maximal over some finite extension. In Subsection 3.3 we show that the degree of the extension is at most 11 for sufficiently large q.
Our second result is:
Theorem 2. For infinitely many primes p there exists an elliptic curve E over
This confirms an observation made by Soomro in [9, Section 2.7] as well as our computations in Subsection 3.2. We prove the theorem in Section 4.
Notice that the property of E to be maximal over F q n depends only on the isogeny class of E, because isogenous elliptic curves over a finite field have the same number of points, see [2, Lemma 15 .1]. The isogeny classes of elliptic curves over F q correspond to integers a 1 such that |a 1 | ≤ 2 √ q and some additional conditions, see [10, Theorem 4.1] . Define the integers a n as
If α is an eigenvalue of Frobenius, that is a root of the polynomial X 2 − a 1 X + q, then a n = α n +ᾱ n withᾱ the conjugate of α, see [8, Section V.2] . So, the a n 's satisfy the recurrence relation a n+1 = a 1 a n − qa n−1 for n a positive integer and a 0 = 2. Hence we reduced our question to:
Question. Let q be a prime power and a 1 an integer such that |a 1 | ≤ 2 √ q. Is there a positive integer n such that −a n = 2 √ q n ?
In this chapter q, a 1 are integers with q ≥ 2 and
If β is a root of unity, then the pair q, a 1 is called supersingular, otherwise the pair is called ordinary. This definition agrees with the one for elliptic curves whenever the pair q, a 1 corresponds to an isogeny class of elliptic curves, see again [10, Theorem 4.1].
The answer to the question is divided into two cases, namely the supersingular case and the ordinary case.
Supersingular case
The first part of Theorem 1 follows directly from: Proposition 3. Let q, a 1 be integers with q ≥ 2 and |a 1 | ≤ 2 √ q. If the pair q, a 1 is supersingular, then −a n = 2 √ q n for some positive integer n if and only if
Moreover if such an integer n exists, then there exist infinitely many.
The proposition above extends the result for F q with q a square presented in [3, Chapter 5 ] to arbitrary q ≥ 2. The new proof uses the following results:
√ q X + 1 with q, a 1 integers and q non-zero, then β is a root of unity if and only if
Proof. Suppose that β is a primitive root of unity of order n. a1 √ q X + 1 in a primitive root of unity ζ n of order n for n = 1, 2, 3, 4, 6 to obtain a 1 = 2
Notice that β is also a root of
q X 2 + 1, and this polynomial and the cyclotomic polynomial both have degree 4 for n = 5, 8, 10, 12. This implies that a 1 = ± √ 2q, ± √ 3q for n = 8, 12 respectively, and that the cases n = 5, 10 are impossible. Hence a 1 is as desired.
Assume that
Since β is a root of
, then one of both polynomials is listed Table 1 , that is β is a root of unity. Hence in either case β is a root of unity.
Lemma 5. Let q, a 1 be integers with q positive and |a 1 | ≤ 2 √ q. If n is a positive integer, then
Proof. Notice that −a n = 2 √ q n is equivalent to −a n ≤ 2 √ q n < −a n + 1, which is the same as 0 ≤ a n + 2 √ q n < 1. Since |a n | ≤ 2 √ q n implies 0 ≤ a n + 2 √ q n , in fact −a n = 2 √ q n if and only if a n + 2 √ q n < 1. Recall that a n = α n +ᾱ n and |α| = √ q and β = α |α| . Observe that
Substitute this relation in the last inequality to complete the proof. 
Proof of Proposition 3. Suppose that |β n + 1| < 
Lemma 4 implies that β n + 1 = 0 for some positive integer n if and only if the order of β is even if and only if a 1 ∈ 0, √ q, ± √ 2q, ± √ 3q, −2 √ q . The proposition follows from Lemma 5.
Ordinary case
The first result restricting the possible values of q and n in this case is: Proposition 6. Let q, a 1 be integers with q ≥ 2 and |a 1 | ≤ 2 √ q. If the pair q, a 1 is ordinary and −a n = 2 √ q n for some positive integer n, then q is not a square and n is odd.
Proof. Assume that −a n = 2 √ q n for some positive integer n. Recall that Lemma 5) . However by assumption β is not a root of unity.
Upper bound on the degree
Given an ordinary pair q, a 1 we derive an upper bound on the n's such that −a n = 2 √ q n using an estimate for linear forms in two logarithms from [6] .
Proposition 7. For every integer q ≥ 2 let N q be the unique zero of n −→ n 4 log (q) − 8.87 10.98π + 1 2 log (q) (2 log (n) + 3.27) 2 − log π 3 larger than 8007. 2. If the pair of integers q, a 1 with q ≥ 2 and |a 1 | ≤ 2 √ q is ordinary and −a n = 2 √ q n for some n, then n < N q .
We computed the value of N q for several q and list them in Table 2 . In the case q = 3 Doetjes mentioned [3, p. 25] that for a 1 = −2 and a 1 = 1 there are no n < 10 6 such that −a n = 2 √ q n , and he expected that such n do not exist at all. Since his argument extends to n < 2998887, our upper bound on n shows that his observation is correct.
We denote the principal value of the argument and the complex logarithm by arg and log respectively. Lemma 8. Let q, a 1 be integers with q positive and |a 1 | ≤ 2 √ q. If n is a positive integer such that −a n = 2 √ q n , then
for some odd integer m such that |m| ≤ n.
Proof. Assume that −a n = 2 √ q n for some positive integer n. Since |β| = 1 by construction and |β n + 1| < 
Notice that
that is |m| ≤ n as m, n are integers.
The logarithmic height of an algebraic number β is defined as
Lemma 9. Let β be an algebraic number of absolute value one. If β is not a root of unity, n a positive integer and m a non-zero integer such that |m| ≤ n, then log |mπ + n arg (β)| is at least Let a and H be as in [6, Théorème 3] . Observe that 20 ≤ a ≤ 10.98π + dl and using 20 ≤ a and |m| ≤ n that
Since |β| = 1 and β is not a root of unity, apply [6, Théorème 3] to |m|πi − n log (β) and use log (β) = arg (β)i to obtain the desired lower bound.
Lemma 10. Let q, a 1 be integers with q ≥ 2 and |a 1 | ≤ 2 √ q. If the pair q, a 1 is ordinary and q is not a square, then the minimal polynomial of β over Q is
Proof. Since β is a root of X 2 − a1 √ q X + 1, it is also a root of the polynomial above. Proposition 3 gives a 1 = 0, ±2 √ q, because β is not a root of unity. Thus √ q ∈ Q(β) and R(β) = C. Hence [Q(β) : Q] = 4, that is the degree 4 polynomial is irreducible.
Proof of Proposition 7. Define the function f : R ≥1 × R ≥1 → R as (q, n) −→ n 4 log (q) − 8.87 10.98π + 1 2 log (q) (2 log (n) + 3.27) 2 − log π 3 .
Observe that f (1, n) < 0 for all n ≥ 1. The function
is independent of q, strictly convex, has a unique minimum 1243 < n 1 < 1244 and has a unique zero 8007 < n 2 < 8008 such that n 2 > n 1 . Therefore ∂f ∂q (q, ⌊n 2 ⌋) < 0 for all q ≥ 1, and as a result f (q, ⌊n 2 ⌋) < 0 for all q ≥ 1.
On the other hand n → f (q, n) is also strictly convex, because (for q, n ≥ 1)
∂n 2 (q, n) = 35.48 10.98π + 1 2 log (q) 2 log (n) + 1.27 n 2 > 0.
Moreover if q > 1, then f (q, n) > 0 for sufficiently large n. Combined with f (q, ⌊n 2 ⌋) < 0 this shows that for all q > 1 there exists a unique N q > ⌊n 2 ⌋ such that f (q, N q ) = 0. Since q · ∂f ∂q (q, n) = c n > 0 for all n > ⌊n 2 ⌋, f (q ′ , N q ) > f (q, N q ) = 0 for all q ′ > q, which implies that N q ′ < N q for all q ′ > q. Hence the first part of the proposition follows.
Assume that the pair q, a 1 is ordinary and −a n = 2 √ q n for some integer n. Lemma 8 gives
for some odd integer m such that |m| ≤ n. The integer q is not a square by Proposition 6 and the minimal polynomial of β over Z has degree 4 and divides
by Lemma 10, so that [Q(β) : Q] = 4. Since |β| = 1 and β is not a root of unity, β,β, −β and −β are the distinct roots of this polynomial so that the logarithmic height of β is at most 1 4 log (q). Lemma 9 says log |mπ + n arg (β)| ≥ −8.87 10.98π + 1 2 log (q) max {17, 2 log (n) + 3.27} 2 .
Let n 0 be such that 17 = 2 log (n 0 ) + 3.27, that is n 0 = e 6.865 ≈ 958.1. If n ≥ N q , then n > ⌊n 2 ⌋ > n 0 and so f (q, n) < 0 by the upper and lower bounds on |mπ + n arg (β)|, which contradicts f (q, n) ≥ 0 for all n ≥ N q . This proves the second part of the proposition.
Computing maximal triples
Given an ordinary pair q, a 1 the upper bound in Proposition 7 reduces the problem of determining the n > 1 such that −a n = 2 √ q n to a finite computation. An efficient method to compute such n is described in [3, Section 6.1]: n is essentially the denominator of a convergent of
. We extend [3, Stelling 6.8] in order to take into account numerical errors.
Proposition 11. Let q, a 1 be integers with q ≥ 2 and a 1 = 2 √ q cos (θ) for some θ ∈ [0, π] and x ∈ R such that for some positive integer N
If −a n = 2 √ q n for some odd integer 3 ≤ n ≤ N and either q ≥ 3 or n ≥ 13, then m n is a convergent of x for some odd m. Proof. Assume that −a n = 2 √ q n for some n. Since arg (β) = θ by the choice of β, Lemma 8 implies that
n is a convergent of x by [4, Theorem 184] . Define the function f : R → R as
It has a global minimum at n 0 = 4 log (q) . Observe that f (n 0 ) is positive except for q = 2. Consider the following cases:
• If q = 2, then n = 13 is the first integer for which f (n) is positive.
• If q = 3, then 3 < n 0 < 4 and f (3) < f (5).
• If q ≥ 4, then n 0 < 3.
Since 3 ≤ n ≤ N is odd and either q ≥ 3 or n ≥ 13,
Hence m n is a convergent of x. Beware of applying the above proposition. If −a n = 2 √ q n for some n, 
so that −añ = 2 √ qñ by Lemma 5 for n andñ. We implemented Algorithm 1 in PARI/GP [7] for pairs q, a 1 corresponding to isogeny classes of ordinary elliptic curves, that is q is a prime power, |a 1 | ≤ 2 √ q and gcd (q, a 1 ) = 1. The upper bounds on the degree n in Table 2 is sufficient to compute the relevant convergents of θ π . The execution time of the function IsSolution is reduced by verifying the necessary condition in Lemma 8 before computing a n .
Using our program we computed the triples (q, a 1 , n) with q < 10 6 a prime power, |a 1 | ≤ 2 √ q, gcd (q, a 1 ) = 1 and n > 1 such that −a n = 2 √ q n . All triples have n = 3 or n = 5, except for (2, 1, 13) and (5, 1, 7 ). The triples with n = 3 and q < 10 3 are listed in Table 3 and the triples with n = 5 and q < 10 6 are listed in Table 4 . Based on these results we expect that the cases n = 3 and n = 5 occur infinitely often, whereas the cases n ≥ 7 happen at most finitely many times.
Algorithm 1
The procedure MaximalCurves takes as input integers q, a 1 with q ≥ 2 and |a 1 | ≤ 2 √ q such that the pair is ordinary and outputs the n's with n > 1 such that −a n = 2 √ q n . The function MaximalDegree(q) returns the upper bound on n from Proposition 7, the function Convergents(x, N ) computes the convergents of x with denominator at most N and the function IsSolution(q,a 1 ,n) checks −a n = 2 √ q n .
1: procedure MaximalCurves(q, a 1 )
2:
if q not square then 3:
N ← MaximalDegree(q)
5:
for all n ∈ {3, 5, 7, 9, 11} do if IsSolution(q, a 1 , n) then for all m n ∈ C : m odd, n odd do
14:
ConvergentsToSolutions(q, a 1 , N , n) for all p ∈ 3, . . . , 
Upper bound on the cardinality
In this subsection we determine an upper bound on q and conclude:
Theorem 12. There exist only finitely many ordinary pairs q, a 1 such that −a n = 2 √ q n for some n ≥ 13.
Since Proposition 7 also gives an upper bound on the degree n independent of q, the theorem is an immediate consequence of: Proposition 13. Let n ≥ 13 be an integer. There exists a constant q n such that if −a n = 2 √ q n for some integers q, a 1 with q ≥ 2 and |a 1 | ≤ 2 √ q, then q ≤ q n or the pair q, a 1 is supersingular.
The height of an algebraic number β is defined as the maximum of the absolute value of the coefficients of the minimal polynomial of β over Z.
Proof. Assume that q, a 1 are integers with q ≥ 2 and |a 1 | ≤ 2 √ q such that −a n = ⌊2 √ q n ⌋ for some n, then |β n + 1| < 1 4 √ q n by Lemma 5. Moreover assume that the pair q, a 1 is ordinary, that is β is not a root of unity.
Observe that
. Let i 0 be an integer such that
, which determines i 0 uniquely modulo n because β is not a root of unity. Since
≥ min ζ and ε such that
with h the height of a1 2 √ q . Since there are n possible values of m, the above inequality is also true for some constant c 0 depending only on n and ε. The height of a1 2 √ q is at most 4q. Therefore
for some positive constant c depending only on n and ε.
Choose ε = 1 8 and n ≥ 13. The upper and lower bounds on |β n + 1| imply c < q 3+ε− n 4 . The right-hand side converges to zero for q → ∞, but c > 0. Hence q ≤ q n for some constant q n independent of β.
In some sense this proposition is the best possible in terms of n, because for n = 7, 9, 11 and m relative prime to n we deduce from [1, Theorem 2.8] that there exists a constantc and infinitely many algebraic numbers γ of degree 1 or 2 such that γ − cos 
Maximal over cubic extensions
In this section we prove Theorem 2. For the sake of completeness we also discuss some properties of the case n = 3. The discussion is closely related to [9, Section 2.7] .
Given a supersingular pair q, a 1 such that |a 1 | ≤ 2 √ q and −a 3 = 2 √ q 3 , then a 1 = −2 √ q or a 1 = √ q by Proposition 3. In this case q must be a square. Since q is a prime in Theorem 2, we only consider ordinary pairs.
Recall the recurrence relation a n+1 = a 1 a n − qa n−1 with a 0 = 2 mentioned in the introduction. From this we deduce a 3 = a 3 1 − 3qa 1 . Therefore
Define the function f q : −2 √ q, 2 √ q → R as x → x 3 − 3qx + 2 √ q 3 . The graph of f q is shown in Figure 1 . Proposition 14. Let q, a 1 be integers such that q ≥ 3 and |a 1 | ≤ 2 √ q. If −a 3 = 2 √ q 3 , then a 1 = − 2 √ q or a 1 = √ q .
Proof. Notice that f q is maximal at x = − √ q, 2 √ q and that f q is minimal at x = −2 √ q, √ q and
Figure 1: The graph of f q (a) = a 3 − 3qa + 2 √ q 3 .
and
Hence −2 √ q ≤ a 1 < −2 √ q + 1 or
According to the following proposition the case a 1 = − 2 √ q is possible only if the pair q, a 1 is supersingular.
Proposition 15. Let q be an integer with q ≥ 2 and a 1 = − 2 √ q . If −a 3 = 2 √ q 3 , then q is a square.
Proof. Assume that q is not a square. Let a = −a 1 = 2 √ q . The function f q is strictly monotonically increasing and strictly concave on the interval −2 √ q, − √ q , because dfq dx = 3x 2 − 3q and Notice that 4q = a 2 + b with 1 ≤ b ≤ 2a. Since
Combining the upper and lower bounds on −a + 2 √ q yields
but the right-hand side is positive by construction. Contradiction.
We recall a sufficient condition on q such that −a 3 = 2 √ q 3 for a 1 = √ q .
It is [9, Proposition 2.7.1] with a different proof.
Proposition 16 (Soomro) . If q = a
